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1. Introduction
The boundary String Field Theory (BSFT) [1, 2, 3, 4, 5] 1 is a version of open string
field theory in which the classical configuration space is a space of two-dimensional
world-sheet theories on the disk which are conformal in the interior of the disk and
which have arbitrary boundary actions. The boundary conformal theories correspond
to the solutions of classical equations of motion. In the recent papers [6, 7, 8, 9, 10,
11, 13, 12, 20, 14, 15, 16, 17, 18] (For the world-sheet approach to this problem,
see [21, 22, 23]) the BSFT was used in the analysis of the tachyon condensation
on the unstable D-brane systems in string theories (For review and extensive list of
references, see [24]). It was shown that BSFT is very effective tool for the study of
this problem. In particular, it was shown that:
• The condensation to the closed string vacuum and to lower dimensional branes
involves excitations of only one mode of string field-tachyon.
• The exact tachyon potential can be computed in BSFT and its qualitative
features agree with the Sen conjecture [25].
• The exact tachyon profiles corresponding to the tachyon condensation to the
lower dimensional D-brane give rise to descent relations between the tensions
of various branes [14] which again agree with those expected [25].
1In this paper we use the name of the theory proposed in [17].
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The problem of tachyon condensation was also studied from the point of view of
Witten’s open string field theory [26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39,
40, 41, 42, 43, 45, 46]. In contrast with BSFT, the tachyon condensation in general
involves giving the expectation values of infinite number of component fields. As a
consequence, only approximate results are available.
In this note we would like to study the problem of the tachyon condensation
on the system of N D-instantons in the limit N → ∞ in the framework of BSFT.
This system has been studied in the low energy approximation in [48] and in the
language of the Witten’s open string field theory in [49]. The problem of the tachyon
condensation on the system of D0-branes has been also studied in [50] from the point
of view of the action obtained from BSFT, where the abelian action given in [7, 11]
was generalised to the non-abelian case.
The results presented in this paper can be considered as an additional support for
the approach given in [50]. More precisely, in this paper we will study the problem of
the tachyon condensation in system ofN D-instantons in bosonic and type IIA theory
2 in the limit N →∞. We will see that the problem of tachyon condensation is again
extremely simple from the point of view of BSFT. In particular, we will calculate
the partition sum on the disk, which is basic ingredient of BSFT, for configurations
of D-instantons corresponding to higher dimensional D-branes (For review of the
construction of higher dimensional D-branes from the lower dimensional ones, see
[52, 53, 54, 55]) with the tachyon field turned on. This approach is similar to the study
of the systems of N D-instantons in the boundary state formalism [56, 57, 58, 59]. We
hope that our approach can bring new facts about the tachyon condensation on the
system of N D-instantons and emergence of all D-branes from the lower dimensional
ones. In particular, we hope that this approach could have some relation to the
Matrix theory.
The organisation of the paper is as follows. In section (2) we give a brief review
of BSFT. In section (3) we present the calculation of the partition function for D-
instantons in the bosonic string theory. In particular, we will show that with the
background configuration of N D-instantons well known from the matrix theory
[52, 53] we are able to obtain all even dimensional D-branes from the point of view
of BSFT. Then we extend this approach to the case of odd dimensional D-branes.
However, to find such a solution we should turn on the tachyon mode in the BSFT
and study its condensation in the same way as in [7, 11].
In section (4) we will analyse the same problem in the superstring BSFT, using
the recent proposal [11] relating BSFT action and the superstring partition sum on
the disk. We will again see that from the system of N D-instantons we obtain all
D-branes in type IIA theory. In conclusion (5) we outline our results and suggest
possible extension of our work.
2In the same way we could study unstable D0-branes in type IIB theory.
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2. A brief review of the boundary string field theory
In this section we review the basic facts about boundary string field theory [1]. A
general string field configuration in the boundary string field theory (or background
independent string field theory, in any case BSFT) is associated with a boundary
operator of ghost number one in the world-sheet theory of matter and ghost system.
We will take the world-sheet to be a disk with unit radius and the metric
ds2 = dρ2 + ρ2dτ 2, 0 < ρ < 1, τ ∈< 0, 2π > . (2.1)
If {OI} denotes a set of boundary vertex operators of ghost number 1, we can expend
a general operator O of ghost number 1 as
O =∑
I
λIOI . (2.2)
We shall restrict to the operators of the form O = cV = ∑I cλIVI where c is the ghost
field and V = ∑I λIVI is a boundary operator in matter theory. In this case, a string
field configuration associated with the operator cV is described by the world-sheet
action
S = SBulk +
∫ 2π
0
dτ
2π
V(τ) , (2.3)
where SBulk denotes the bulk world-sheet action corresponding to the closed string
background. When we restrict to the trivial background, then SBulk describes of
conformal field theory (CFT) of free 26 scalar fields Xµ 3 and the (b, c) ghost system.
For non-abelian case, the boundary interaction V is promoted to N ×N matrix and
the path integral measure on the disk is weighted with
e−SBulkTrP exp
(
−
∫ 2π
0
dτ
2π
V
)
. (2.4)
For such configurations, the bosonic string field theory action S(λI) is obtained as a
solution of equation
∂S
∂λI
=
K
2
∫
dτ
2π
∫
dτ ′
2π
〈OI(τ){QB,O(τ ′)}〉V , (2.5)
where < . . . >V denotes correlation function in the world-sheet field theory described
by the action (2.3), QB is BRST charge and K is normalisation constant which has
been fixed in [8] as
K = Tp , Tp =
2π
(4π2α′)(p+1)/2
. (2.6)
It is clear that (2.5) determines action up to additive constant.
3In this paper we consider the space-time with Euclidean signature and the metric gµν = δµν .
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It was also shown in [1, 2, 4, 5] that the action (2.5) is related to the partition
sum on the disk Z(λ) via
S =
(∑
I
βI
∂
∂λI
+ 1
)
Z(λ) . (2.7)
This definition also fix the ambiguity in the definition of the action by the requirement
that at the fix points of the boundary RG (at which β(λ∗) = 0)
S(λ∗) = Z(λ∗) . (2.8)
These results corresponds to abelian U(1) case. The generalisation to the non-abelian
case seams to be nontrivial task thanks to the presence of the path-ordered product
in the boundary interaction terms. Instead of address this problem in this paper,
we will proceed in slightly different way. The main point of our calculation will be
the partition sum on the disk that, as we have seen, plays the prominent role in
the abelian case. We will calculate the partition sum for different configurations of
D-instantons and we will show that it corresponds to the partition sum for specific
D-brane in particular background. Then we use well known results from the abelian
case to obtain the correct tension of the resulting D-brane. The correctness of our
analysis will be especially seen in the supersymmetric case where it was conjectured
[11] that the partition sum is equal to the space-time action. It would be certainly
nice to obtain non-abelian action directly from BSFT theory, especially in bosonic
case. We hope to return to this problem in the future.
In the next section we will calculate the partition sum in the bosonic theory for
N D-instantons and we will show that from this configuration all D-branes in bosonic
string theory naturally emerge.
3. D-instantons in BSFT
In this section we would like to show that through the configuration of N D(-1)-
branes (D-instantons) in the limit N → ∞ it is possible to obtain all D-branes of
even and odd dimensions from the BSFT theory. We begin with the construction
of even dimensional D-branes in bosonic string theory. The starting point is the
evaluation of the partition sum on the disk
Z =< TrP exp
(
i
∫ 2π
0
dτΦI∂nX
I(τ)
)
> , (3.1)
where τ is a coordinate labelling the boundary of the disk and P is the path-ordering
defined as
Pe
∫
dτM(τ) =
∞∑
N=0
∫
dτ 1 . . . dτNθ(τ12) . . . θ(τN−1,N)M(τ1) . . .M(τN ), θ(τ12) = θ(τ1−τ2) .
(3.2)
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In (3.1) ΦI , I = 1, . . . , 26 are Hermitean matrices describing the background config-
uration of N D-instantons and XI(τ) is a string field living on the boundary of the
world-sheet and ∂n is a normal derivative to the boundary of the world-sheet. In the
following we will always presume the limit N →∞.
Let us consider the background configuration
Φa = Φa, [Φa,Φb] = iθab, a, b = 1, . . . , 2p, Φα = 0, α = 2p+ 1, . . . , 26 . (3.3)
We will show that this configuration corresponds to D(2p-1)-brane siting in the origin
of the transverse space labelled with coordinates xα, α = 2p + 1, . . . , 26 and with
the the gauge field background turned on its world-volume with the constant field
strength Fab = θab.
From (3.3) we see that Φa are equivalent to the quantum mechanics operators
with nontrivial commuting relations. Then we can use the well known relation be-
tween the trace over Hilbert space and the path integral
TrP exp
(
−i
∫
dτH(τ)
)
=
∫
〈q| exp
(
−i
∫
dτH(τ)
)
|q〉 =
=
∫
[dq][dp] exp
(
i
∫
dτ [p(τ)q˙(τ)−H(p(τ), q(τ))]
)
,
(3.4)
with q˙ = ∂τq and where p is a momentum conjugate to q. In our case, the Hamiltonian
is
H(τ) = −Φa∂nXa(τ) . (3.5)
with the operators Φa. Then we can rewrite the trace in (3.1) as a path integral
∫ 2p∏
a=1
[φa] exp
(
i
∫
dτ(
1
2
φa(τ)θ
abφ˙b(τ) + φa(τ)∂nX
a(τ))
)
, (3.6)
with θacθ
cb = δba. We can easily perform the integration over φ. Firstly, the kinetic
term is equal to
i
2
∫
dτφa(τ)θ
abφ˙b(τ) =
1
2
∫
dτdτ ′φa(τ
′)iδ(τ ′ − τ)θabφ˙b(τ) =
= −1
2
∫
dτdτ ′φa(τ
′)i∂δ(τ ′ − τ)θabφb(τ) , ∂ = ∂τ , ∂′ = ∂τ ′ ,
(3.7)
so that the path integral is equal to (up to numerical factor)
∫
[dφa] exp
(
−
∫
dτdτ ′
[
1
2
φa(τ
′)△(τ ′, τ)abφb(τ)− φa(τ)i∂nXa(τ)
])
=
= exp
(
−1
2
∫
dτdτ ′∂nX
a(τ)△(τ, τ ′)−1ab ∂nXb(τ ′)
)
,△(τ ′, τ)ab = i∂δ(τ ′ − τ)θab .
(3.8)
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To proceed further we must calculate △−1 that should obey
∫ 2π
0
dτ ′′△−1(τ − τ ′′)△(τ ′′− τ ′) = δ(τ − τ ′)− 1
2π
, δ(τ − τ ′) = 1
2π
∑
n
ein(τ−τ
′) . (3.9)
From this definition we easily obtain
△(τ ′, τ)ab = θab 1
2π
∑
n
nein(τ
′−τ) ⇒△(τ, τ ′)−1ab = θab
1
2π
∑
n
1
n
ein(τ−τ
′) . (3.10)
We expand the string field as
Xa(τ, ρ) =
√
α′
2
∞∑
n=−∞,n 6=0
ρnXane
inτ , ∂nX
a(τ, ρ = 1) =
√
α′
2
∞∑
n=−∞,n 6=0
nXane
inτ .
(3.11)
Note that there is no zero mode thanks to the Dirichlet boundary conditions. Then
(3.8) is equal to
−1
2
∫
dτdτ ′∂nX
a(τ)△(τ, τ ′)−1ab ∂nXb(τ ′) = α′π
∞∑
m=1
mθabX
a
−mX
b
m ,
(3.12)
that agrees precisely with the expression [17]
S =
i
2
∫ 2π
0
dτFabX
a(τ)X˙b(τ) = πα′
∞∑
n=1
nFabX
a
−nX
b
n , Fab = θab , (3.13)
arising from the term
S = −i
∫ 2π
0
dτAa(X
a)∂τX
a(τ) . (3.14)
in case of the constant field strength. As a result, we have obtained the partition
sum on the disk for a D(2p-1)-brane in the presence of the gauge field Fab. Since
the gauge field corresponds to the marginal operator, the partition sum is equal to
space-time action that is the Dirac-Born-Infeld action [21, 60]
S = T2p−1
∫
d2px
√
det(δab + 2πα′Fab) . (3.15)
We must mention that the construction presented above is an analogue of the con-
struction of even dimensional D-branes from the low-energy action forN D-instantons
[47, 48] based on the Matrix theory (For nice review, see [52, 53]).
In order to describe odd dimensional D-brane we should include the tachyon into
the boundary interaction term for N D-instantons and study its tachyon condensa-
tion. Let us include this matrix valued tachyon field. In this case the boundary
action has a form
Sbound =
1
2π
∫
dτT − i
∫
dτΦa∂nX
a(τ) = −i
∫
dτ
(
i
2π
T + Φa∂nX
a(τ)
)
, (3.16)
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where T does not depend on the world-sheet fieldX(τ) as it should be for D-instanton
background. In order to obtain D(2p-2)-brane we propose the tachyon field in the
form
T = u(Φ2)
2 , (3.17)
where Φ are given as in (3.3). For simplicity we consider the matrix θab in the form
θab =


0 θ 0
−θ 0 0
0 0 θij

 , i, j = 3, . . . , 2p . (3.18)
In this case the partition sum is equal to
Z =< e−Sbound >=< TrP exp
(
i
∫
dτ
[
i
2π
u(Φ2)
2 + Φa∂nX
a(τ)
])
>=
=< TrP exp(−i
∫ 2π
0
dτH(τ)) > .
(3.19)
As in the case of pure gauge field we rewrite this expression using the path inte-
gral formalism. The factor △(τ − τ ′)ij is the same as in the case of the boundary
interaction without tachyon studied above and for x, y = 1, 2 we obtain from the
expression
i
∫
dτL(τ) = i
∫
dτ
(
1
2
φx(τ)θ
xyφ˙y(τ) +
i
2π
u(Φ2(τ))
2 + ∂nX
x(τ)φx(τ)
)
=
= −
∫
dτdτ ′
(
1
2
φx(τ
′)△(τ ′, τ)xyφy(τ)− iφx(τ)∂nXx(τ)
)
, x, y = 1, 2 ,
△(τ ′, τ)xy = i∂δ(τ ′ − τ)θxy − 1
π
uδ(τ ′ − τ)δ2x ,
(3.20)
or more precisely
△(τ ′ − τ)xy = 1
2π
∑
n
(
nθxy − u
π
δ2x
)
ein(τ−τ
′) =
∑
n
Exyn e
in(τ−τ ′) ,
Exyn =
(
0 1
θ
n
−1
θ
n − 1
π
u
)
, (En)
−1
xy =
θ2
n2
(− 1
π
u −n
θ
n
θ
0
)
,
△−1(τ − τ ′)xy = 1
2π
∑
m
(Em)
−1
xy e
im(τ−τ ′) ,
(3.21)
so that the partition sum corresponding to Xx, x = 1, 2 is equal to
Z =< exp
(
−1
2
∫
dτdτ ′∂nX
x(τ)△−1(τ − τ ′)xy∂nXy(τ ′)
)
> , (3.22)
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where we have
−1
2
∫
dτdτ ′∂nX
x(τ)△−1(τ−τ ′)xy∂nXy(τ ′) = α
′π
2
∞∑
m=−∞,m6=0
(
mθxyX
x
−mX
y
m −
θ2
π
X1−muX
1
m
)
.
(3.23)
We see that the second term above corresponds to
−α
′
2
u
∞∑
n=−∞,n 6=0
X1−nX
1
n = −
1
2π
∫ 2π
0
dτuX1(τ)X1(τ) , (3.24)
where we have made a substitution
uθ2 → u , (3.25)
and where we have used the fact that in the original instanton model the zero modes
Xa0 are missing. When we combine the previous expression with the gauge field term
Ai∂τX
i(τ) whose emergence is the same as in the pure gauge field case, we obtain
the partition sum on the disk in the well known form
Z =< e−Sbound >=< exp
(
−
∫ 2π
0
dτ
[
1
2π
u(X1(τ))2 − iAa(X(τ))∂τXa(τ)
])
> .
(3.26)
Now it is easy to find the value of the action for the resulting object, following the
recent results [7, 10, 12]. For our purpose we will closely follow [12]. We must also
stress that thanks to the form of the boundary interaction (3.26) which corresponds
to D(2p-1)-brane with the background gauge field, we should include the zero mode of
the string field Xa(τ) into our analysis since we have effectively replaced the Dirichlet
boundary conditions with the boundary conditions appropriate for the study of the
tachyon condensation on the D(2p-1)-brane.
It is clear that the gauge field Fij decouples from the tachyon term and conse-
quently contributes to the partition function with the factor∫
d2p−2x
√
det(δij + 2πα′Fij) . (3.27)
The contribution from the x, y = 1, 2 sector is almost the same as in [12]
∫
dx2
√
veγve−aΓ(v) , v =
1
1 + (2πα′θ)2
2α′u , (3.28)
where the integral over x2 is a consequence of the existence of the zero mode in
X2(τ). In the previous expression we have also included the constant part of the
tachyon a which would correspond in the original matrix model to the term a1N×N .
The whole partition function is equal to
Z(v, a, F ) = Ke−a
√
veγvΓ(v)
∫
d2p−1x
√
det(δij + 2πα′Fij) , (3.29)
8
where K is a numerical factor which will be determined in a moment. As was shown
in [3, 7, 10, 12] the space-time action is then equal to
S(a, v, F ) = (v − a ∂
∂a
− v ∂
∂v
+ 1)Z(a, v, F ) , Z(v) =
√
veγvΓ(v) . (3.30)
Using this equation we determine the normalisation factorK as in [7]. We can expect
that for u → 0 this action should reduce to the DBI action with the gauge field F
and with the tachyon potential
S(T, F ) = T2p−1
∫
d2pxe−T
√
det(δab + 2πα′Fab)+O(∂T ) , T2p−1 =
2π
(4π2α′)p
. (3.31)
In order to determine the factor K we evaluate this action on the tachyon profile
T = a+u(x1)2 and compare this result with the partition function (3.29) in the limit
u→ 0. The previous expression gives
S(T, F ) = T2p−1
∫
d2p−1x
√
det(δab + 2πα′Fab)e
−a
∫
e−u(x
1)2dx1 =
= T2p−1
∫
d2p−1xe−a
√
det(δab + 2πα′Fab)
√
π
u
,
(3.32)
and when we compare this result with (3.29) evaluated for small u we obtain
Z(a, v, F ) = K
∫
d2p−1xe−a
√
det(δij + 2πα′Fij)
1√
v
=
= K
∫
d2p−1xe−a
√
det(δij + 2πα′Fij)
√
1 + (2πα′θ)2
1√
2α′u
⇒ K = T2p−1
√
2πα′ .
(3.33)
Now we are ready to calculate the tension of the resulting D(2p-2)-brane, following
[7]. Variation of this action with respect to a gives
δS
δa
= [v + a− v ∂
∂v
]Z(v) = 0⇒ a⋆ = −v + vd lnZ(v)
dv
, (3.34)
and the action evaluated with this value of a∗ is
S(a⋆, v, F ) = exp(Θ(v))K
∫
d2p−1x
√
det(δij + 2πα′Fij), Θ(x) = x−xd lnZ(x)
dx
+lnZ(x) .
(3.35)
As was shown in [2, 7] the minimum of Θ(x) corresponds to x going to infinity. In
this limit we have [7]
Θ(x) = log
√
2π +
1
6x
+O(
1
x2
) , x→∞ , (3.36)
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which gives the value of the action
S = T2p−1
√
4π2α′
∫
d2p−1x
√
det(δij + 2πα′Fij) . (3.37)
With using T2p−1
√
4π2α′ = T2p−2 we see that the previous expression is an exact
value of the action for D(2p-2)-brane with the background gauge field Fij . Note that
this action does not depend on the gauge field Fxy.
We have seen in this section that from the configurations ofN D-instantons in the
limit N →∞ we obtain all D-branes in the bosonic string theory. We have analysed
this system in the framework of BSFT which again leads to the correct result as in
[7]. In the next section we extend this analysis to the case of non-BPS and BPS
D-branes in type IIA theory. Extension to the type IIB theory is straightforward,
we simply start with the configuration of unstable D0-branes.
4. D-instantons in the superstring boundary string field the-
ory
In this section we would like to analyse the same problem in the context of the
superstring boundary string field theory. In this case the calculation is simpler since
as was conjectured in [11] 4 the space-time action S is equal to the disk partition
sum
S(λI) = Z(λI) , Z(λI) =< e
−Sbound(λI ) > . (4.1)
The bulk action is
SBulk =
1
4π
∫
d2z
(
2
α′
∂Xµ∂Xµ + ψ
µ∂ψµ + ψ˜
µ∂ψ˜µ
)
. (4.2)
The mode expansion at the boundary of the disk is [17] (in NS sector)
ψµ(τ) =
∞∑
r=1/2
(
ψµr e
irτ + ψµ−re
−irτ
)
. (4.3)
and the bulk action
SBulk =
1
2
∞∑
n=1
nXµ−nX
ν
nδµν + i
∞∑
r=1/2
rψµ−rψ
ν
r δµν , µ, ν = 1, . . . , 10 . (4.4)
The next step is to introduce the boundary interactions which should be invariant
under supersymmetry transformations. This can be done by working in boundary
superspace [11, 17, 18, 19, 21] with coordinates τˆ = (τ, θ) and
Xµ = Xµ +
√
α′θψµ, D = ∂θ + θ∂τ . (4.5)
4Similar approach to this problem has also been discussed in [21] where many references on the
relevant papers can be found.
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The simplest example of supersymmetric boundary action corresponds to gauge field.
For abelian gauge field the supersymmetric boundary action is
−i
∫
dτdθAµ(X)DX
µ = −i
∫
dτdθ(Aµ(X) + ∂νAµ(X)
√
α′θψν)(
√
α′ψµ + θ∂τX
µ) =
= −i
∫
dτ
(
Aµ(X(τ))∂τX
µ +
1
2
α′Fµνψ
µψν
)
,
(4.6)
where we have used
θ2 = 0,
∫
dθ = 0,
∫
dθθ = 1 . (4.7)
In case of Dirichlet boundary conditions for xa, a, b = p + 1, . . . , 10 and Neumann
boundary conditions for xµ, µ, ν = 1, . . . , p we will write the boundary action as
−i
∫
dτdθ
(
Aµ(X
µ)DXµ + Φa(X
µ)D˜Xa
)
=
−i
∫
dτ
(
Aµ(X
µ(τ))∂τX
µ(τ) +
1
2
α′Fµνψ
µ(τ)ψν(τ)
)
−
−i
∫
dτ (Φa(X
µ(τ))∂nX
a(τ) + α′∂µΦa(X
µ(τ))ψµ(τ)ψa(τ)) ,
(4.8)
where we have used the fact that the background fields are functions of the string
fields Xa(τ) obeying Neumann boundary conditions and we have defined
D˜ = ∂θ + θ∂n . (4.9)
Non-abelian extension is given (In case of all Neumann boundary conditions, gener-
alisation to the case of lower dimensional D-branes is straightforward as we will see
in case of D-instantons.)
e−SA = TrPˆ ei
∫
dτdθAµ(X)DXµ , (4.10)
where the symbol Pˆ is defined as
Pˆ e
∫
dτˆM(τˆ ) =
∞∑
N=0
∫
dτˆ1 . . . dτˆNΘ(τˆ12)Θ(τˆ23) . . .Θ(τˆN−1,N)M(τˆ1)M(τˆ2) . . .M(τˆN ) ,
(4.11)
where dτˆ = dτdθ, τˆ12 = τ1 − τ2 − θ1θ2 and Θ is a step function whose expansion
is equal to Θ(τˆ1 − τˆ2) = θ(τ1 − τ2) − δ(τ1 − τ2)θ1θ2. As was shown in [19], these
contact terms are essential for world-sheet supersymmetry and they are also crucial
for gauge invariance as they contribute with the [Aµ, Aν ] in the field strength. More
precisely, the integration over θ gives the result
e−SA = TrPei
∫
dτ [Aµ(X)∂τAµ+
α′
2
Fµνψµψν ] , Fµν = ∂µAν − ∂νAµ − i[Aµ, Aν ] . (4.12)
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It is easy to generalise this boundary interaction to the case of lower dimensional Dp-
branes. We will mainly consider D-instantons and for them the boundary interaction
is
e−SA = TrPˆ exp
(
i
∫
dτˆΦID˜X
I
)
= TrP exp
(
i
∫
dτ
[
ΦI∂nX
I(τ)− iα
′
2
[ΦI ,ΦJ ]ψ
I(τ)ψJ(τ)
])
,
(4.13)
with I, J = 1, . . . , 10. As in bosonic case, the description of even dimensional D-
branes is very straightforward and corresponds to the natural emergence of these
D-branes in the matrix models [47, 48, 50, 52, 53]. Let us consider the background
configuration in the form
[Φa,Φb] = iθab, a = 1, . . . , 2p, Φα = 0, α = 2p+ 1, . . . , 10 . (4.14)
Then the fermionic term in (4.13) is equal to
−iα
′
2
[Φa,Φb]ψ
a(τ)ψb(τ) =
α′
2
θabψ
a(τ)ψb(τ)1N×N . (4.15)
We see that this term is proportional to the unit matrix so that the following expres-
sion can be taken out the trace
exp
(
i
∫
dτ
α′
2
θabψ
a(τ)ψb(τ)
)
. (4.16)
Now it is easy to see, following the calculations presented in section (3), that this
D-instantons configurations describe D(2p-1)-brane with the background gauge field
Fab = θab with the boundary action
e−SA = exp
(
i
∫
dτ
[
Aa(X)∂τX
a(τ) +
α′
2
Fabψ
a(τ)ψb(τ)
])
, Fab = ∂aAb−∂bAa = θab .
(4.17)
Consequently the action evaluated on this particular D-instanton background is equal
to
S(F ) = Z(F ) =< e−SA >=
√
2T2p−1
∫
d2px
√
det(δab + 2πα′Fab) . (4.18)
In order to describe odd dimensional D-brane we should include the tachyon in
the boundary action and calculate its condensation. The inclusion of tachyon into
the boundary interaction in supersymmetric case has been done in [11, 17, 21]. We
introduce superfield Γ = ξ+θF living on the boundary of the disk. Now the tachyon
boundary action is (For all X(τ) obeying Neumann boundary conditions)
e−Sbound = TrPˆ exp
(∫
dτˆ
2π
(ΓDΓ + T (X))Γ
)
. (4.19)
In abelian case we can easily perform the integration over θ. When we also integrate
out the auxiliary field Γ we obtain [11]
e−Sbound = exp
(
−1
4
∫
dτ
2π
[
T (X)2 + (ψµ∂µT )
1
∂τ
(ψν∂νT )
])
. (4.20)
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The generalisation of this action to the case of N D-branes with Neumann boundary
conditions in xa, a = 1, . . . , k and Dirichlet boundary conditions in xi, i = k+1, . . . , 10
is
S(Φ, T ) = Z(Φ, T ) =< e−SA−Sbound >=
=< TrPˆ exp
(∫
dτˆ
[
1
2π
ΓDΓ +
1
2π
T (Xa)Γ + iAa(X
a)DXa + iΦi(X
a)D˜X i
])
> .
(4.21)
In the following we will consider N D(-1)-branes with the boundary interaction
e−Sbound−SA = TrPˆ exp
(∫
dτˆ
[
1
2π
ΓDΓ +
1
2π
TΓ + iΦID˜X
I
])
, I = 1, . . . , 10 .
(4.22)
The basic idea is the same as in previous section (3). We start with performing the
integration over θ. In order do that, we express the previous expression using the
elegant formalism [21] in which the boundary action has a form
e−SA−SBound =
∫
[dηˆ][dηˆ] exp
(∫
dτˆ
[
ηˆbDηˆ
b +
1
2π
ΓDΓ + ηˆa[
1
2π
T ab Γ + iΦ
a
bID˜X
I ]ηˆb
])
,
(4.23)
where the fields ηˆa = ηa + θχa, ηˆa = ηa + θχa transform in antifundamental and
fundamental representation of U(N). The integration over θ gives
Sbound + SA = I =
∫
dτ
(
ηaη˙
a − χaχa +
1
2π
ξξ˙ − 1
2π
F 2+
+
1
2π
(
ηaT
a
b ξχ
b + ηaT
a
b Fη
b − χaT ab ξηb
)
−
−iηaΦabI
√
α′ψIχb − iηaΦabI∂nXIηb − iχaΦabI
√
α′ψIηb
)
,
(4.24)
In the previous expression a, b = 1, . . . , N are matrix indices, I = 1, . . . , 10 are
space-time indices. As a next thing we integrate out the auxiliary field χa, χa which
gives
I =
∫
dτ
(
ηaη˙
a +
1
2π
ξξ˙ − 1
2π
F 2+
+ ηa
[
i
√
α′
2π
ξψI [ΦI , T ]
a
b +
1
2π
T ab F − iΦabI∂nXI −
α′
2
[ΦI ,ΦJ ]
a
bψ
IψJ
]
ηb
)
.
(4.25)
We rewrite the path integral over η, η in (4.25) as a trace with path ordering P so
that we obtain
< e−Sbound−SA >=< TrP exp
(∫
dτ
[
− 1
2π
ξξ˙ +
1
2π
F 2+
−i
√
α′
2π
ξψI [ΦI , T ]− 1
2π
TF + iΦI∂nX
I +
α′
2
[ΦI ,ΦJ ]ψ
IψJ
])
> .
(4.26)
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Let us consider the ansatz
T = uΦ2, [Φx,Φy] = iǫxyθ, , x, y = 1, 2, [Φi,Φj ] = iθij , i, j = 3, . . . , 2p, (4.27)
so that θ in [Φa,Φb] = iθab has a form
θ =


0 θ 0
−θ 0 0
0 0 θij

 , i, j = 3, . . . , 2p . (4.28)
Then the previous expression is equal to
< e−Sbound−SA >=<
∫
[dφa] exp
(∫
dτ
[
1
2
iφaθ
abφ˙b − 1
2π
ξξ˙ +
1
2π
F 2+
+
√
α′
2π
ξψ1uθ − 1
2π
uφ2F + iφa∂nX
a +
iα′
2
θabψ
aψb
])
> .
(4.29)
The integration over auxiliary field F gives
F (τ) =
1
2
uφ2(τ) (4.30)
and we have
< e−Sbound−SA >=<
∫
[dφa] exp
(∫
dτ
[
i
1
2
φaθ
abφ˙b − 1
2π
ξξ˙+
+
√
α′
2π
ξψ1uθ − 1
8π
u2(φ2)
2 + iφa∂nX
a +
iα′
2
θabψ
aψb
])
> .
(4.31)
We can take out the following expression from the path integral over φ
exp
(∫
dτ
[
− 1
2π
ξξ˙ +
√
α′
2π
ξψ1uθ +
iα′
2
θabψ
aψb
])
. (4.32)
Next calculation is the same as in previous section (3). The i, j = 3, . . . , 2p com-
ponents give the same result as in the case of even dimensional D-brane without
exciting tachyon and the integration over x, y = 1, 2 gives
exp
(
−1
2
∫
dτdτ ′∂nX
x(τ)△(τ − τ ′)−1xy ∂nXy(τ ′)
)
,
△(τ − τ ′)−1xy =
∑
n
(En)
−1
xy e
in(τ−τ ′), (E−1n )xy =
θ2
n2
(− 1
4π
u2 −n
θ
n
θ
0
)
,
(4.33)
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which together with the Fij and Fxy terms gives the result
Z =< exp
(∫
dτ
[
− 1
2π
ξξ˙ +
√
α′
2π
ξψ1u− 1
8π
u2(X1)2 + iAa(X
a)∂τX
a +
iα′
2
θabψ
aψb
])
> ,
(4.34)
where we have made replacement uθ → u. We can also integrate out the auxiliary
field ξ which leads to
ξ˙(τ) =
u
√
α′
2
ψ1(τ)⇒ ξ(τ) = u
√
α′
2
1
∂τ
ψ1(τ) (4.35)
and we obtain the same expression as in [11, 12]
< e−SA−Sbound >=< exp
(∫
dτ
[
− 1
8π
(u2(X1)2 + α′u2ψ1
1
∂τ
ψ1) +
+iAa(X
a)∂τX
a +
iα′
2
Fabψ
aψb
])
> ,Fab = θab .
(4.36)
Then it is easy to see that the tachyon condensation really leads to the emergence of
odd dimensional D-brane exactly in the same way as in [11]. The partition function
is equal to [11, 12, 20]
Z = K
∫
d2p−1xZ(a, v)fermi
√
det(δij + 2πα′Fij) , v =
α′u2/2
1 + (2πα′θ)2
. (4.37)
with [11]
Z(a, v)fermi = 4
v Z1(v)
2
Z1(2v)
, Z1(v) =
√
veγvΓ(v) , (4.38)
and where K is a numerical factor that will be determined as in section (3). When
we calculate the partition sum for constant tachyon T = a1N×N we obtain the exact
tachyon potential e−
a2
4 multiplied with the DBI term
√
det(δab + 2πα′Fab) arising
from the partition sum calculated in the pure gauge field background. Then we can
expect that for a slowly varying tachyon field the action corresponds to the non-BPS
D(2p-1)-brane action is
S =
√
2T2p−1
∫
d2pxe−T
2/4
√
(1 + (2πα′θ)2) det(δij + 2πα′Fij) +O(∂T ) , (4.39)
This action evaluated on the tachyon profile T = ux1 should be equal to the partition
sum in the limit u → 0. From this requirement we can determine the overall nor-
malisation constant in the partition sum as well as the normalisation of the tachyon
kinetic term [11]. However for our purposes it is sufficient to obtain the normalisation
15
term K only. Then the action (4.39) evaluated on the tachyon profile T (x) = ux1 is
equal to
√
2T2p−1
∫
d2p−1x
√
(1 + (2πα′θ)2) det(δij + 2πα′Fij)
∫
dx1e−u
2(x1)2/4 =
= 2
√
π
u
√
2T2p−1
∫
d2p−1x
√
(1 + (2πα′θ)2) det(δij + 2πα′Fij) .
(4.40)
On the other hand, in the limit u→ 0 we have
Z(v)fermi =
√
2
v
+O(v), v ∼ 0 , (4.41)
so that the partition function is equal to
Z = K
√
2
√
2√
α′u2
∫
d2p−1x
√
(1 + (2πα′θ)2) det(δij + 2πα′Fij) (4.42)
and consequently
K =
√
2T2p−1
√
πα′ . (4.43)
Using this result it is easy to see that the action arising from the tachyon condensation
is equal to (In this case the tachyon condensation corresponds to u→∞ [11])
S = Z(∞) =
√
2πα′T2p−1
√
2π
∫
d2p−1x
√
det(δij + 2πα′Fij) =
= T2p−2
∫
d2p−1x
√
det(δij + 2πα′Fij) ,
(4.44)
where we have used
Z(v) ∼
√
2π +O(v−1) , u→∞ . (4.45)
The result (4.44) is a correct value of the action for D(2p-2)-brane with the back-
ground gauge field strength Fij .
In this section we have studied the emergence of all D-branes in type IIA theory
from the configurations of infinite many non-BPS D(-1)-instantons. Exactly in the
same way we could proceed with the infinite many non-BPS D0-branes in type IIB
theory.
5. Conclusion
In this paper we have tried to show that all D-branes in bosonic, type IIA and type
IIB theory can emerge from configurations of infinite many D-instantons, in case of
type IIB theory from infinite many D0-branes. We have studied this system from
16
the point of view of BSFT and we have shown that we can very easily obtain correct
values of the tensions of all D-branes.
However, many open questions remain. Firstly, it would be nice to obtain non-
abelian action for D-instantons, or more generally for all non-abelian D-branes from
the BSFT theory. It seams that this can be easily done in the case of supersymmetric
string theory at least in some special cases [51, 60]. We hope to return to these ques-
tions in the future. It would be also interesting to study the D-brane anti-D-brane
system in the framework suggested in this paper, following the general construction
[17]. We hope to return to this problem in the forthcoming publication.
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